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Progress of theories and experiments of the quantum valence criticality is overviewed focusing on
recent discoveries of direct evidence of the quantum critical point of the valence transition in the pe-
riodic crystal -YbAl1 xFexB4 at x = 0:014 and the quasicrystal Yb15(Al1 xGax)34(Au1 yCuy)51 at
x = y = 0. The common quantum criticality as well as T=B scaling behavior in the magnetization ob-
served in the periodic crystal -YbAlB4 and the quasicrystal Yb15Al34Au51 is shown to be explained
by the theory of critical Yb-valence fluctuations starting from the Hamiltonians for describing the
low-energy electronic states in both systems.
KEYWORDS: Quantum valence criticality, quantum critical point of valence transition, T=B
scaling, 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1. Introduction
Quantum critical phenomena have attracted much attention in condensed matter physics. When
continuous-transition temperature to ordered phase is suppressed to absolute zero by changing control
parameters of materials such as pressure, magnetic field, and chemical substitution, a quantum critical
point (QCP) is realized. Near the QCP, physical quantities exhibit non-Fermi-liquid behaviors at low
temperatures, which are called quantum critical phenomena. Quantum critical phenomena emerging
near the magnetic QCP have been well understood from the theory of spin fluctuations [1] and the
renormalization-group theory [2,3]. The quantum criticality near the antiferromagnetic (AF) QCP in
three spatial dimension (3D) is shown in the first line of Table I.
However, unconventional quantum criticality has been observed in several heavy-fermion mate-
rials such as YbCu3:5Al1:5 [6], YbRh2Si2 [7,8], -YbAlB4 [9,10], as shown from the second to fourth
lines of Table I, which has been one of the central issues in strongly correlated electron systems. As
a possible origin, the theory of critical valence fluctuations arising from the QCP of the valence tran-
sition has been proposed, which gives a unified explanation for the unconventional quantum critical
phenomena (see the last line of Table I) [11].
Interestingly, a new heavy-fermion metal Yb15Al34Au51 with the quasicrystal (QC) lattice struc-
ture has been synthesized, which exhibits the common quantum criticality to that in -YbAlB4, as
shown in the second last line of Table I [12, 13]. Recently, direct evidence of the valence QCP has
been observed experimentally in the periodic crystal -YbAl1 xFexB4 at x = 0:014 [14] and QC
Yb15(Al1 xGax)34(Au1 yCuy)51 at x = y = 0 [16]. These observations evidence that the QCP of the
valence transition is realized in the periodic crystal -YbAlB4 and QC Yb15Al34Au51.
In this paper, we overview the recent progress of theories and experiments of quantum valence
criticality in heavy fermions on periodic and aperiodic crystals focusing on these measurements. We
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Table I. Theories and materials and their low-temperature properties of uniform magnetic susceptibility ,
specific-heat coecient C=T , resistivity , and NMR/NQR relaxation rate (T1T ) 1. As for valence criticality,
T > T0 regime with T0 being characteristic temperature of critical valence fluctuations is shown (as for resistiv-
ity, see Sect. 2.2.2 for detail).  takes the value for 0:5    0:7 depending on materials and temperature range
(see [11] for detail). In -YbAlB4 and Yb15Al34Au51,  = 1=2 is shown (see Sects 2.2 and 3.3, respectively).
Material/Theory (T ) C(T )=T (T ) (T1T ) 1 Refs.
3D AF criticality const. T 1=4 const. T 1=2 T 3=2 T 3=4 [4, 5]
YbCu3:5Al1:5 T 2=3   ln T T 1:5 ! T * [6]
YbRh2Si2 T 0:6   ln T T T 0:5 [7, 8]
-YbAlB4 T 0:5   ln T T 1:5 ! T * [9, 10]
-YbAl0:086Fe0:014B4 T 0:5   ln T T 1:6 ! T T 0:5 0:7 [14, 15]
Yb15Al34Au51 T 0:51   ln T T /  [12]
Quantum valence criticality T    ln T T /  [11]
discuss that the common quantum criticality i.e., the exponent  = 1=2 in Table I as well as a new
type of scaling called T=B scaling is theoretically shown to appear in the periodic crystal -YbAlB4
and QC Yb15Al34Au51 starting from the Hamiltonians for describing the low-energy electronic states
in both systems.
The organization of this paper is as follows. Quantum critical phenomena in -YbAlB4 and QC
Yb15Al34Au51 are discussed in Sect. 2 and Sect. 3, respectively. Summary and perspective are given
in Sect. 4.
2. Quantum criticality in periodic crystal -YbAlB4
2.1 Direct evidence of valence QCP in -YbAl1 xFexB4 (x = 0:014)
The heavy-fermion metallic compound -YbAlB4, which is a sister compound of -YbAlB4,
shows the Fermi-liquid behavior. However, by replacing Al with Fe 1:4%, the same quantum criti-
cality as that in -YbAlB4 appears [14]. Furthermore, at x = 0:014, the T=B scaling behavior where
magnetic susceptibility is expressed as a single scaling function of the ratio of temperature T and
magnetic field B appears [14]. The T=B scaling was also observed in -YbAlB4 [10]. Interestingly,
at just 1:4%, the sharp change in Yb valence as well as the volume change has been observed, as
shown in Fig. 1(a). This is the direct observation of the sharp valence crossover line arising from
the valence QCP in Fig. 1(b) with quantum valence criticality. This observation verifies the theory of
critical valence fluctuations in Ref. [11].
2.2 T=B scaling and (T )  T 0:5 in -YbAlB4
The T=B scaling is also explained by the theory of critical valence fluctuations based on the
Hamiltonian for describing the low-energy electronic state in -YbAlB4 [17]. Since the crystalline-
electric-field (CEF) ground state of 4f hole at Yb in -YbAlB4 is jJ = 7=2;5=2i, the hybridization
between the Yb 4f electron and the B 2p electron is shown to be anisotropic, which has a line node
along the c direction [18].
The eective Hamiltonian in the hole picture is given by the extended periodic Anderson model
under the magnetic field:
H =
X
k
"kc
y
kck + "f
X
i
nfi +
X
k

Vk f
y
kck + h:c:

+ U
X
i
nfi"n
f
i# + Ufc
X
i0
nfin
c
i0   h
X
i
S fzi ; (1)
where the conduction holes with the conduction band "k hybridizes with the 4f hole with the 4f level
"f via the hybridization Vk. Here,  ="; # denote the Kramers pairs. To simulate the anisotropic
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hybridization in -YbAlB4, we take Vk = V(1  kˆ2z ) with kˆ  k=jkj [18,20]. The 4th term is the onsite
Coulomb repulsion between 4f holes U and the 5th term is the Coulomb repulsion between 4f and
conduction holes Ufc with nai  ayiai for a = f or c. Hereafter, the unit of energy is taken as the
half bandwidth of the conduction band unless otherwise stated. The last term is the Zeeman term for
4f holes where h is the magnetic field and S fzi is defined by S
fz
i  12 (nfi"   nfi#).
Starting from the Hamiltonian Eq. (1), we derived the mode-mode coupling equation of the criti-
cal valence fluctuations, i.e., self-consistent renormalization (SCR) equation for valence fluctuations
(see Ref. [17] for details). By solving the valence SCR equation at the valence QCP, we obtain the
solution y. Here, y is proportional to the inverse valence susceptibility y /  1v [17]. Since the uni-
form magnetic susceptibility  also diverges at the valence QCP, which is caused by the common
many-body eect to the critical valence fluctuations caused by Ufc in Eq. (1), the uniform magnetic
susceptibility is proportional to the valence susceptibility near the valence QCP so that y /  1v /  1
holds [11, 21].
The result is shown in Fig. 1(c). We find that all the data for the temperature range and magnetic-
field range shown in the inset corresponding to the experimental-data range of 3  10 2 K T  3 K
and 10 4 T B  2 T fall down to a single scaling function of the ratio of T and h
y = h1=2
T
h

; (2)
where (x) = ax1=2 is obtained by the least-square fit for the large T=h range indicated by the dashed
line in Fig. 1(c). Here, the unit of energy is taken as the half bandwidth of the conduction band
and we set kB=1. Hence, y=h1=2 = a(T=h)1=2 holds, which gives y / T 1=2. This result h1=2 =
a0(h=T )1=2 is in accordance with the measured T=B scaling behavior in -YbAlB4 [10] and also in -
YbAl0:086Fe0:014B4 [14]. This implies that the quantum valence criticality is dominant in this regime,
giving rise to the non-Fermi-liquid regime. The above result indicates that the magnetic susceptibility
as well as the valence susceptibility behaves as
 / T 1=2; (3)
for the zero-field limit, h ! 0, which explains the measured criticality in -YbAlB4 (see Table I).
2.2.1 Very slow fluctuations of Yb valence in -YbAlB4
By analyzing the valence SCR equation under magnetic field, it turned out that the T=B scaling
appears in case that the characteristic temperature of critical valence fluctuations T0 is comparable
to or less than the measured lowest temperature [17]. Indeed, the result in Fig. 1(c) was obtained
for T0 = 3  10 6, which is located around the lowest temperature [see the inset in Fig. 1(c)]. The
emergence of the extremely small T0 was explicitly shown in the original paper [11] on the basis
of the extended periodic Anderson model. Because of the strong local correlation eect by large
Coulomb repulsion U, almost flat mode of critical valence fluctuations appears around the   point
in the momentum space, giving rise to extremely small T0. Then, a new type of quantum criticality
shown in Table I as well as the T=B scaling in Fig. 1(c) emerges.
Recently, by Mo¨ssbauer measurement in -YbAlB4, very slow valence-fluctuation time scale
  2 ns has been observed [22]. This corresponds to T0  24 mK, which is around the measured
lowest temperature T = 30 mK. As noted in Sect. 2.1, in -YbAl1 xFexB4, the same quantum crit-
icality and T=B scaling as those in -YbAlB4 were observed at x = 0:014. Hence, the very slow
valence fluctuation similarly to -YbAlB4 is expected to be observed in -YbAl0:086Fe0:014B4. Such
a measurement is left for interesting future subject.
2.2.2 Resistivity in -YbAlB4 and -YbAl0:086Fe0:014B4
In -YbAlB4, the T -linear resistivity (T )  T is observed for T > 1 K, while (T )  T 1:5 is
observed for T < 1 K [in the linear plot of (T ) the rounding seems to appear for T < 0:3 K] [9].
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Fig. 1. (Color online) (a) Fe-concentration dependence of Yb valence (left axis) and volume change (right
axis) in -YbAl1 xFexB4 [14]. (b) Phase diagram of -YbAl1 xFexB4 in the plane of temperature T and Fe
concentration x. First-order valence transition (solid line) terminates at the QCP (filled circle), from which
a sharp valence crossover line extends (dashed line). (c) Scaling plot of y=h1=2 vs. T=h. Here, y(T; h) is the
solution of the valence SCR equation where the parameters except for T and h are set for the valence QCP at
h = 0 [17]. The dashed line is the least-square fit of the data (see text). The inset shows the data in the T -h
plane where the scaling applies.
Theoretically, it has been shown that the locality of the critical valence-fluctuation mode gives rise to
the T -linear resistivity [11,24]. Here we note that the quantum valence criticality, which diers from
conventional magnetic criticality, appears in the higher-T regime than a few times of T0 [11]. For
T < T0, resistivity behaves as (T )  T 1:5 in the dirty system and (T )  T 5=3 in the clean system.
Hence, if we adopt T0 = 24 mK in -YbAlB4, the rounding of the low-T part of the resistivity is
theoretically expected to appear below T < 5T0  120 mK, as explicitly shown in Ref. [11]. This is
favorably compared with the measured behavior of (T ) in -YbAlB4 [9]. Therefore, both behaviors
(T )  T 1:5 ! T listed for -YbAlB4 in Table I are naturally explained. Furthermore, as for -
YbAl0:086Fe0:014B4, both behaviors (T )  T 1:6 ! T in Table I are also explained from the theory of
critical valence fluctuations.
2.2.3 Dynamical relaxation rate in -YbAl0:086Fe0:014B4
In -YbAl0:086Fe0:014B4, the SRmeasurement has recently detected the temperature dependence
of the dynamical relaxation rate d(T )  T 0:30:5, which starts to appear below 0.1 K [15]. Since d
is proportional to T1 1, this behavior is consistent with the quantum valence criticality, as shown
in Table I. However, it was necessary to explain why such a behavior starts to appear below T 
0:1 K. The explanation was given as follows [23]: + attracts conduction electrons, around it inducing
the local magnetic moment on Yb ion causing the impurity Kondo eect, which in turn aects the
relaxation of +. Then, on cooling, the dynamical relaxation rate, d / T1 1 increases and shows
the Koringa relation below the muon-induced local Kondo temperature T K, which is estimated to be
around 0:2 K. Then, in the temperature regime T < T K, where 
+ is subject to the CVF at the valence
QCP directly, the anomalous T dependence in (T1T ) 1 / T 0:5  0:7 is manifested (see Table I).
3. Quantum criticality in quasicrystal Yb15Al34Au51
The QC Yb15Al34Au51 exhibits the common quantum criticality to that in -YbAlB4, as shown in
Table I, which surprisingly persists even under pressure [12]. Furthermore, essentially the same T=B
scaling behavior has been observed in the QC Yb15Al34Au51 [25,26]. Recently, systematic variations
of homologous elements of Au and Al in the QC Yb15Al34Au51, i.e., Yb15(Al1 xGax)34(Au1 yCuy)51,
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have been synthesized by Imura et al [16]. Interestingly, in the plot of the Yb valence vs. the lattice
constant, the QC Yb15Al34Au51, which exhibits quantum criticality, is located at the point where
the Yb valence starts to change sharply. This indicates that Yb valence plays a key role for the quan-
tum criticality. In Sect. 3.1, the geometry of the QC and the relation to the approximant crystal (AC) is
briefly explained and the lattice-constant dependence of the Yb valence in the QCYb15(Al1 xGax)34(Au1 yCuy)51
is analyzed theoretically in Sect. 3.2. Theoretical explanations for the quantum criticality as well as
T=B scaling and robustness of the quantum criticality are given in Sect. 3.3 and Sect. 3.4, respectively.
3.1 Quasicrystal and approximant crystal
The quasicrystal consists of the Tsai-type cluster which has concentric shell structures of 1st,
2nd, 3rd, 4th and 5th shells, as shown in Fig. 2. In the 3rd shell, which is icosahedron, 12 Yb atoms
form the vertexes. In the 1st, 2nd, and 4th shells, Al/Au mixed sites exist, whose existence ratios are
7.8%/8.9%, 62%/38%, and 59%/41%, respectively [27]. There also exists the 1/1 AC Yb14Al35Au51,
which has periodic arrangement of the Tsai-type cluster forming the body-centered-cubic (bcc) struc-
ture. In the Fn 1=Fn 2 AC, where Fn is Fibonacci number satisfying the relation Fn = Fn 1 + Fn 2
for n  3 with F1 = 1 and F2 = 1, as n increases, the size of the unit cell increases and the n ! 1
limit corresponds to the QC [28].
3.2 Lattice constant dependence of Yb valence in quasicrystal Yb15(Al, Ga)34(Au, Cu)51
3.2.1 Model and method
To get insight into the mechanism of the measured lattice-constant dependence of the Yb valence
in the QC Yb15(Al1 xGax)34(Au1 yCuy)51, we perform the theoretical analysis by constructing the
minimal model in the AC. The minimal model in the hole picture consists of the 4f and 5d orbitals at
Yb and the 3p orbital at Al:
H =
X
h j; j0i

tppj; j0c
y
jc j0 + h:c:

+
X
h ji; j0i0i

tddji; j0i0d
y
jid j0i0 + h:c:

+
X
h ji; j0i

Vdpji; j0d
y
jic j0 + h:c:

+
X
h ji; j0i

V fpji; j0 f
y
jic j0 + h:c:

+
NLX
j=1
26666664"f 24X
i=1
nfji + U
24X
i=1
nfji"n
f
ji#
37777775 + Ufd NLX
j=1
24X
i=1
nfjin
d
ji; (4)
where the 1st and 2nd terms are transfers of 3p holes between the Al sites and 5d holes between the
Yb sites, respectively. The 3rd (4th) term is the hybridization between Yb 5d (4f) hole and Al 3p hole.
In the 5th term, "f is the energy level of 4f hole and U is the onsite Coulomb repulsion between the 4f
holes at Yb. The last term is the onsite Coulomb repulsion between the 4f and 5d holes at Yb, where
naji for a = f; d is defined as n
a
ji  naji" + naji# with " and # being the Kramers pairs in the CEF ground
(a) (b) (c) (d) (e)
Yb Al Au Al/Au mix
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13
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Fig. 2. (Color online) Concentric shell structures of the Tsai-type cluster in the approximant crystal
Yb14Al35Au51 [12, 27]: (a) 1st shell, (b) 2nd shell, (c) 3rd shell, (d) 4th shell, and (e) 5th shell. The number in
(c) indicates the ith Yb site and the number in (b), (d), and (e) indicates the th Al site.
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state. Since the bcc unit cell contains two icosahedrons, there exist 24 Yb sites in the unit cell, which
result in the index i = 1-24 for 4f and 5d operators in Eq. (4) [see Fig. 2(c)]. The index  = 1-48
denotes the Al site as shown in Figs. 2(b), 2(d), and 2(e). The index j specifies the unit cell and NL is
the total number of unit cells.
As a first step of analysis, we consider the case that Al/Au mixed sites are occupied by Al and
neglect orbital degeneracy. By substituting the lattice distances into the Harrison’s formula [29], the
p-p and d-d transfers between the nearest-neighbor (N.N.) Al and Yb sites and the d-p hybridization
between the N.N, Yb and Al sites are estimated as tpp  4:0 eV, tdd  0:03 eV, and Vdp  0:42 eV,
respectively (see Ref. [30] for detail). The other transfers and hybridizations between the shells are
set so as to follow tppj; j00(t
dd
ji; j0i0) / 1=r`+`
0+1 where r is the distance between the 3p (5d) orbitals with
azimuthal quantum numbers, ` = 1 (2) and `0 = 1 (2), respectively, and V f(d)pji; j0 / 1=r`+`
0+1, where r is
the distance between the 4f (5d) orbital and the 3p orbital with azimuthal quantum numbers, ` = 3 (2)
and `0 = 1, respectively, following the linear mun-tin orbital (LMTO) argument [31].
To analyze the heavy-fermion state, we apply the slave-boson mean-field theory for U = 1 to
the Hamiltonian [Eq. (4)] [32, 33]. As for the Ufd term in Eq. (4), the mean-field approximation is
applied [30]. We performed the calculation to obtain the ground state of Eq. (4) by varying "f ,Ufd, and
hybridization V fp between the N.N. Yb on the 3rd shell and Al on the 2nd shell as input parameters
at half filling. As for the 5d level "d, we set "d = 0 in Eq. (4) for simplicity since main result below
is robust against the moderate change of the values of "d in the case that the 5d band has a certain
filling. Below we take tpp as the unit of energy and show the results for V fp = 0:1 as a typical value
in the NL = 83 lattice system.
3.2.2 Results
We calculated the "f dependence of the 4f-hole number per Yb defined as n¯f  PNLj=1P24i=1hnfjii=(24NL)
for various Ufd. Figure 3(a) shows the ground-state phase diagram in the "f-Ufd plane. The first-order
valence transition indicating a jump in n¯f (solid line with filled squares) terminates at the QCP (filled
circle) and the sharp valence-crossover line extends from QCP (dashed line with open triangles).
At the QCP realized for ("QCPf ;U
QCP
fd ) = ( 0:0849; 0:0274), critical valence fluctuations diverge
v   @n¯f=@"f = 1. The value of the 4f-hole number per Yb is n¯f = 0:67. This corresponds to
Yb+2:67, which explains the measured intermediate valence of Yb [13,16]. We also plot contour lines
for n¯f = 0:4, 0:5, 0:6, 0:7, and 0:8 (dashed lines with open circles). As "f decreases n¯f increases and
n¯f = 1 is realized for deep "f . Hence, the left (right) side of the first-order valence-transition line and
valence-crossover line is called Kondo (mixed-valence) regime. Here we note that f-p hybridization
is finite h f yjic j0i , 0 everywhere in the phase diagram. Hence, quasiparticles of heavy fermions
are formed everywhere while its mass and n¯f i.e., Yb valence depend on the location in the phase
diagram.
Next, let us proceed to the analysis of the lattice constant dependence of Yb valence. In order
to perform such a calculation, we need to know the lattice-constant dependence of the 4f level "f .
Generally, the origin of the CEF is ascribed to the electrostatic interaction and hybridization. Which
eect is predominant is material dependent. As for TbCd6, it was reported that in the point charge
model the CEF parameter B20 is essentially enough to explain the specific-heat [34] and neutron-
scattering measurements [35]. In this case, 4f level has r 3 dependence.
On the other hand, in the hybridization picture, 4f level can be evaluated as the second-order
perturbation with respect to hybridization as a leading term "f / jV fcji; j0 j2=, which gives r 10 depen-
dence since the f-p hybridization has the V fcji; j0 / r 5 dependence as mentioned above. Here,  (> 0)
is the first-excited energy from the CEF ground state. In the QC Yb15Al34Au51, to reproduce the
measured increase in Yb valence under pressure [13, 16], it turned out that eect of hybridization is
indispensable. So, here we employ r 10 dependence in the 4f level "f .
To clarify how the Yb valence changes in the vicinity of the valence QCP as a function of the
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Fig. 3. (Color online) (a) Ground-state phase diagram of the Hamiltonian [Eq. (4)] in the "f-Ufd plane for
V fp = 0:1 at half filling. First-order transition line (solid line with filled squares) terminates at the QCP of
valence transition (filled circle) and sharp valence-crossover line extends from the QCP (dashed line with open
triangles). Contour lines for n¯f = 0:4, 0:5, 0:6, 0:7, and 0:8 are also shown (dashed lines with open circles).
Open (filled) arrow indicates direction of parameter change as lattice expands (shrinks) (see text). (b) Lattice
constant dependence of 4f-hole number per Yb staring from the valence QCP (filled circle) in the AC with
lattice constant a = 14:5 Å at ambient pressure denoted by the vertical dashed line.
lattice constant, we have investigated how n¯f changes starting from the QCP in the AC. First, we input
parameters for the valence QCP to Eq. (4) in the AC with the lattice constant at ambient pressure,
a = 14:5 ?. Then, by changing the lattice constant a, we calculate the 4f-hole number per Yb site
n¯f without inputting any adjustable parameters. Namely, the lattice-constant dependence of transfers,
hybridizations, and 4f level in Eq. (4) are automatically taken into account and the white circles in
Fig. 3(b) are obtained. Here we plot x-axis as the 6-dimensional lattice constant, which is transformed
from 3D lattice constant as a6D  a=1:946, corresponding to the “lattice constant” of the QC [16]. The
result shows sudden decrease from the valence QCP. This captures the experimental feature that the
quantum-critical QC Yb15Al34Au51 is located at the point where Yb valence starts to change sharply.
The local structure around the Yb site is common in both the AC and QC and valence transition is
caused by on-site 4f-5d Coulomb repulsion at Yb site, which is local. So, this result suggests that the
QC Yb15Al34Au51 is located at the valence QCP.
According to our theory, the pressure dependence of Yb valence in the AC is predicted, which
can be verified experimentally. At ambient pressure, the AC Yb14Al35Au51 shows the Fermi-liquid
behavior. By applying pressure, it shows the same quantum criticality as that in the quasicrystal at
P  2 GPa [26]. So, this sharp change in Yb valence is expected to appear at 2 GPa. This prediction
has actually been observed recently by Imura et al [16].
One remaining question is why sudden drop in Yb valence starts to appear from QCP in Fig. 3(b).
To clarify this point, let us focus on the ground-state phase diagram in Fig. 3(a).
As the lattice shrinks, 4f hole level "f decreases. At the same time, 4f-3p hybridization increases
because 4f orbital and 3p orbital approach. Then, location of the QCP shifts to left-upper direction
in the "f-Ufd plane, which is accompanied by the shift of the contour lines of 4f hole numbers. The
relative position from the QCP can be redrawn from its original position, whose direction is illustrated
schematically as an filled arrow in Fig. 3(b).
On the other hand, as lattice expands, 4f hole level "f increases. At the same time, 4f-3p hy-
bridization decreases. Then, location of the QCP shits to right-lower direction in the "f-Ufd plane,
which is accompanied by the shift of the contour lines of 4f hole numbers. The relative position from
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the QCP can be redrawn from its original position, whose direction is illustrated schematically as an
open arrow in Fig. 3(b).
Since the former direction indicated by the open arrow goes across much dense contour area than
the latter direction indicated by the filled arrow in the opposite direction, the former gives larger n¯f
change than the latter. This clarifies why n¯f decreases from the QCP sharply as a increases from a =
14:5 Å denoted by the vertical dashed line in Fig. 3(b). This indicates that hybridization dependence
of the location of the QCP causes asymmetric lattice constant dependence of the Yb valence, giving
rise to the sudden decrease from the QCP.
3.3 T=B scaling and (T )  T 0:5 in quasicrystal Yb15Al34Au51
The quasicrystal Yb15Al34Au51 exhibits essentially the same T=B scaling as well as (T )  T 0:5
behavior for the zero-field limit as observed in the periodic crystal -YbAlB4. These behaviors are
explained on the basis of the Hamiltonian-based mode-coupling theory for the AC, which will be
explained in Sect. 3.3.1. The key of the emergence of the T=B scaling is shown to be the small
characteristic temperature of the CVF, which will be discussed in Sect. 3.3.2.
3.3.1 Analysis by the Hamiltonian-based mode-coupling theory
The T=B scaling and (T )  T 0:5 observed in the QC Yb15Al34Au51 are also explained from
theoretical analysis on the basis of the periodic Anderson model in the AC Yb14Al35Au51 [36]. By
applying the slave-boson mean-field theory for U = 1 as described in Sect. 3.2.1, we obtained the
ground state. We calculated the band structures for various parameters and the result for "f =  0:4
corresponding to the pressurized AC is shown here (see Ref. [36] for detail). Figure 4(a) shows
the density of states of the quasiparticles. In the plot we set the imaginary part of the self-energy
quasiparticle as  = 0:01 in order to show the overall feature of the density of states with smooth "
dependence not aected by finite-size eects in the NL = 83 lattices.
We note here that the renormalization factor for this state is z = 1:9  10 3, which is obtained
directly from the solution b¯i of the slave-boson mean-field equations as z  b¯2i (see Ref. [36] for
detail). Since this small z implies that the Kondo temperature, which is three decades smaller than
the conduction-electron band width, is realized in the present lattice system, this state is in the heavy-
fermion regime. The dominant contribution to the density of states at the Fermi level comes from 4f
hole at Yb site and the next leading contribution comes from 3p hole at Al site on the 4th shell. This is
due to the strongest f-p hybridization reflecting the shortest Yb-Al distance [see Figs. 2(c) and 2(d)].
By employing the obtained quasiparticle state as a solution of the slave-boson mean-field equa-
tions, we calculate the dynamical susceptibility for the charge transfer between 4f and conduction
holes

pp
ii;(q; i!m) =  
T
NL
X
nk
Gii;(k + q; i"n + i!m)G
pp
;(k; i"n); (5)
where Gii; and G
pp
; are f and p components of the quasiparticle Green function Gˆ(k; i"n)  (i"n  
H˜k+) 1, where H˜k is the mean-field Hamiltonian with "n = (2n+1)T and the chemical potential
, and !m = 2mT .
Figure 4(b) shows the momentum dependence of ppii;(q; 0) calculated for T = 0:0001 with the
number of Matsubara frequency 215 in NL = 83. Here, Fig. 4(c) shows the Brillouin zone of the bcc
lattice of the AC. The index i and  specify the Yb and Al sites respectively shown in Fig. 2. We
find that the charge transfer mode between 4f hole at Yb on the 3rd shell and 3p hole at Al on the
4th shell is enhanced [e.g. the mode for i = 1 and  = 13 is the largest, see Figs. 2(c) and 2(d)].
A remarkable result is almost flat momentum dependence appears, which is ascribed to strong local
correlation eect for 4f holes at Yb. To clarify how the local charge-transfer fluctuation aects the
quantum criticality, let us focus on the largest charge-transfer mode [between N.N. Yb and Al sites,
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Fig. 4. (Color online) (a) Quasiparticle density of states of 4f electron (3rd shell) and 3p electron (2nd, 4th,
and 5th shells) in the hole picture. Fermi level is located at "F. (b) 
pp
ii;(q; 0) for i = 1 and  = 1 (filled
diamond), 2 (filled square), 3 (filled triangle), 13 (filled circle), and 19 (open circle) for T = 0:0001. Inset
shows enlargement of cc1;1;13;13(q; 0) along the  -H line. (c) Brillouin zone of bcc lattice. (d) Scaling plot of
y=h1=2 vs. T=h. Here, y(T; h) is the solution of the valence SCR equation where parameters except for T and h
are set as the values for the valence QCP at h = 0. The dashed line represents the fitting function c(T=h) with
 = 0:503 (see text). Inset shows the data in the T -h plane where the scaling applies [36].
e.g. the mode for i = 1 and  = 13 in Fig. 4(b)] because it is overwhelmingly dominant. We note
that cc1;1;13;13(q; 0) has a maximum at the   point q = (0; 0; 0) [see inset in Fig. 4(b), which shows the
enlargement along the  -H line].
Then, we apply the recently-developed mode-coupling theory of critical valence fluctuations un-
der magnetic field [17] to the present system. Namely, starting from the periodic Anderson model
with the inter-orbital Coulomb repulsion and Zeeman term
HZeeman =  h
NLX
j=1
266666664 24X
i=1
S fzji +
48X
=1
S czj
377777775 ; (6)
where h is magnetic field, and S fzji  12 (nfji"   nfji#) and S czj  12 (ncj"   ncj#), we have derived the
valence SCR equation (see Ref. [36] for detail). By solving the valence SCR equation at the valence
QCP corresponding to the pressure-tuned AC, we found that T=h scaling appears over four decades,
as shown in Fig. 4(d). The dashed line indicates the least-square fit of the data by the scaling function
y = h1=2
T
h

: (7)
Here, (x) is given by (x) = cx in the large-T=h region for T=h > 102, which gives the exponent
 = 0:503. Then, by the relation y=h0:5 = c(T=h)0:5, the solution of the valence SCR equation y turns
out to have y / T 0:5 dependence. So, magnetic susceptibility as well as valence susceptibility shows
T 0:5 criticality, v /  / T 0:5.
For T=h < 102, the data starts to deviate from the dashed line in Fig. 4(d). This indicates the
crossover to the Fermi-liquid regime for T=h  1 starts to appear, where the magnetic susceptibility
(T; h) at low T is suppressed under the magnetic field. This tendency is also consistent with the
experiments [25, 26].
The result of Eq. (7) indicates that the magnetic susceptibility in the pressurized AC exhibits
 / T 0:5 (8)
for zero-field limit and also the T=B scaling behavior as observed in the QC. The locality of criti-
cal valence fluctuations shown in Fig. 4(b) is the origin of the emergence of the quantum valence
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criticality. Since the local structure around Yb is common in both QC and AC (see Fig. 2) and the
infinite limit of the unit-cell size of the AC corresponds to the QC, these results of Eqs. (7) and (8)
are considered to capture the essence of the quantum criticality in the QC Yb15Al34Au51. Actually,
the T=B scaling as well as (T )  T 0:5 is observed in the AC at P = 1:96 GPa, which verifies our
theory [26].
3.3.2 Small characteristic temperature of critical valence fluctuations
In Fig.4(a), ccii(q; 0) for i = 1 and  = 13 has a maximum at the   point q = (0; 0; 0) [see
inset in Fig.4(b)]. We evaluated the dispersion of the most dominant charge-transfer mode, i.e., the
q2 coecient in
ccii(q; 0) = 
cc
ii(0; 0)   Aq2; (9)
where q = 2a (
2
N1
; 0; 0), 2a (0;
2
N2
; 0), 2a (0; 0;
2
N3
), 2a (
1
N1
; 1N2 ; 0),
2
a (0;
1
N2
; 1N3 ),
2
a (
1
N1
; 0; 1N3 ) with a =
14:5 Å being a lattice constant in the NL = N1N2N3 system.
We also evaluated the frequency dependence
ccii(q; i!l)   ccii(q; 0)  C
!l
q
: (10)
By averaging the obtained coecients over the momentum direction around the   point A and C as
Aav =
P6
=1 A=6 and Cav =
P6
=1C=6, respectively, we obtained the characteristic temperature of
CVF defined by
T0 
Aavq3B
2Cav
; (11)
where qB is the momentum at the Brillouin zone, which is set to be qB = (2)=a. The resultant T0
is obtained as T0 = 1:4  10 4 in the unit of tpp. Hence, the localness of the CVF is reflected in the
smallness of T0, which is located around the lowest temperature [see the inset in Fig. 4(d)]. We note
that T0 is smaller than the Kondo temperature, which is in the order of 10 3tpp. This extremely small
T0 is a consequence of locality of critical valence fluctuations characterized by the almost disper-
sionless mode shown in Fig. 4(b). Emergence of T=B scaling is ascribed to the small characteristic
temperature T0, as discussed in Sect. 2.2.1.
In the QC, T0 is expected to be smaller than the measured lowest temperature T = 30 mK [36].
In that case, the measured resistivity (T )  T down to the lowest temerature (see Table I) is natu-
rally explained from the theory of critical valence fluctuations. To examine this point, the Mo¨ssbauer
measurement in the QC Yb15Al34Au51 to detect time scale of valence fluctuations  providing a clue
to T0 as done in -YbAlB4 is highly desirable as future experiments.
3.4 Robust criticality in QC Yb15Al34Au51 under pressure
The quantum criticality in the QC Yb15Al34Au51 emerges at ambient pressure and surprisingly
it persists even under pressure at least up to P = 1:6 GPa [12]. To clarify the origin and mechanism,
theoretical analysis was performed on the basis of the extended Anderson model on the Tsai-type
cluster shown in Fig. 2 [37]. Because of the Al/Au mixed sites in the Tsai-type cluster, the f-p hy-
bridization at each Yb site becomes dierent. Hence, Yb sites in the 3rd shell become inequivalent
each other, which makes many QCPs of valence transition in the ground-state phase diagram. An
important result is that valence QCPs appear as an aggregate of spots, whose critical regions are over-
lapped to be unified, giving rise to a wide quantum critical region. Since the QC corresponds to the
infinite limit of the unit-cell size of the AC, valence QCPs are expected to appear as widespread and
condensed spots like the Andromeda Galaxy in the bulk limit of the QC. When we apply pressure to
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Yb compounds, 4f-hole level decreases in general. So, in case that applying pressure follows the line
located in the enhanced critical-valence-fluctuation region, robust quantum criticality appears under
pressure. Emergence of a wide critical region gives a natural explanation for the reason why quantum
criticality appears without tuning control parameters in the QC Yb15Al34Au51.
4. Summary and Perspectives
We have discussed that recent discoveries of direct evidence of the sharp Yb-valence changes with
the quantum valence criticality in -YbAl1 xFexB4 (x = 0:014) and the QCYb15(Al1 xGax)34(Au1 yCuy)51
(x = y = 0) as well as their theoretical explanations based on the low-energy Hamiltonians in each
system give firm grounds that the valence QCPs are realized in the periodic crystal -YbAlB4 and the
QC Yb15Al34Au51. An important point is that the quantum valence criticality originates from locality
of critical valence fluctuations with extremely small characteristic temperature T0, which emerges ir-
respective of geometry of lattices such as periodic or quasi-periodic crystals. The above studies have
shown an existence of the new universality class of the unconventional quantum criticality in strongly
correlated electron systems. There is a possibility that the QCP of valence transition with the quantum
valence criticality is realized in other systems on periodic and aperiodic crystals.
As one of such candidates, the critical point of the first-order valence transition has been identified
to be (Tc; Pc; Bc) = (2 K; 8:5 GPa; 0:65 T) in the T -P-B phase diagram of YbNi3Ga9 [38]. On cooling
at (P; B)  (Pc; Bc), enhancement of the uniform magnetic susceptibility (T ) toward the critical
point was also observed. It is interesting to identify the QCP at T = 0 K by controlling pressure and
magnetic field on cooling and then to observe temperature dependences of (T ), C(T )=T , (T ), and
(T1T ) 1, which examines the quantum valence criticality shown in Table I. Such measurements in
periodic and aperiodic systems are interesting future subjects.
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